Wrinkling patterns can be induced by the growth of a thin elastic film over a soft elastic substrate. While there is a good understanding of how this pattern is initiated on a flat geometry, wrinkling patterns over a curved surface are more complicated. Here, we consider this phenomenon within the framework of large deformation morphoelasticity by investigating surface wrinkling of a growing thin elastic film bonded to a large elastic cylinder. The system has two important dimensionless parameters: the ratio η of the film thickness by the cylinder radius and the relative stiffness of the two layers ξ. Depending on the values of ξ and η we identify four different regimes for which we find the critical growth and wrinkling mode number. By combining asymptotic methods with numerical computations we determine the effect of the curvature on the bifurcation and establish that it always induces a delay at the bifurcation: larger growth is needed on a curved surface to induce the same wrinkling instability. These results are crucial to understand pattern formation on surface with varying curvatures.
INTRODUCTION
Surface morphological instabilities of soft materials caused by growing or swelling have been a subject of considerable interest over the last few years as this has been proposed as a key mechanism for morphogenesis and for the control of engineered thin-film materials [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Typically, these instabilities are driven by differential expansion of two bonded layers. In this case a stability analysis can be used to determine the critical conditions for the onset of surface wrinkling. These ideas have been applied to different geometries such as planar films [11] [12] [13] [14] , cylindrical shells [15] [16] [17] , and spherical layers [18] [19] [20] [21] . Comparisons between planar and curved systems reveal that the surface curvature plays an important role in pattern formation and evolution. Most of these previous studies either focused on the various wrinkling modes on a curved surface [13, 18, 20] , or emphasise the use of effective numerical methods for complex geometries [19, 22] .
A key question is to understand the relative effect of curvature on the wrinkling bifurcation. There have been various studies on reduced systems such as growing rods [8] in which a modified beam equation was derived to take the curvature of the substrate into account. For elastic shells, Cai et al. [13] adopted the Donnell-MushtariVlassov shell equation to explain the occurrence of hexagonal modes on a slightly curved surface. They showed that both the critical stress and wave-number are related to a curvature parameter Ω to order Ω 2 when Ω ≪ 1. Yet, the problem has not been fully investigated within the framework of nonlinear elasticity where precise statements can be obtained. To address this question, we study the problem of the circumferential wrinkling of a growing thin cylindrical shell on a softer non-growing cylinder. We assume that both materials are isotropic, incompressible and hyperelastic and look for plane-strain solutions that are essentially two dimensional (since it is assumed that there is no deformation in the third dimension). We are particularly interested in the comparison between the cylindrical and planar cases that can be obtained as the limit when the ratio between film thickness and the cylinder radius goes to 0. Here, we clarify the role of curvature on the critical growth and mode number. There are two important dimensionless parameters in the system: the ratio of the film thickness h to the cylinder radius R and the ratio of elastic shear modulus of the film µ f , to the shear modulus of the substrate µ s :
Since we are interested in thin films, we assume η ≪ 1.
There are then four regimes of interest: either ξ = O (1) ,
. The case for which ξ = O(η −1 ) has already been studied in [13, 23] . To the best of our knowledge, the case where stiffnesses are comparable ξ = O(1) with η ≪ 1 has not been discussed. In this case, the circumferential wrinkling mode number is large which causes numerical difficulties. However, the Wentzel-Kramers-Brillouin (WKB) method [24, 25] can be used to obtain excellent approximations to the solutions. In the remaining two cases,
, the wrinkling mode number is relatively
Cylindrical film-substrate model. In plane strain, there is no deformation along the axis and a material point position is specified by its position in the reference (R, Θ) and current (r, θ) configurations.
small and a regular perturbation analysis is used to obtain estimates on the critical growth and mode number. Taken together, the results of these analyses give a complete picture of the role of curvature in the wrinkling instability of thin films on a curved substrate valid for all stiffness ratios. Finally, we note that there is a wellknow limit in the planar case. If the film is sufficiently soft then the first instability that takes place is the socalled Biot instability [31] with a mode with vanishing wavelength. Therefore, we expect that on a curved substrate, for sufficiently soft film, the Biot instability will also appear. This provides an upper bound for the stiffness ratio after which no wrinkling instability with finite wavelength is expected.
THEORETICAL SET-UP

Geometry
A cylinder is separated into two parts: a soft solid substrate and a hard film, as shown in Fig. 1 . We assume that there is no deformation along the direction of the cylinder axis, so that the problem reduces to a planestrain problem. The polar coordinates of a material point are {R, Θ} in the reference configuration and {r, θ} in the current configuration. The outer radii of the substrate and film before deformation are A, B, respectively. After deformation, the same radii are a and b, respectively.
Kinematics of deformation
We use the theory of morphoelasticity [3, 26] to describe deformations of a body that can both grow and deform elastically. We consider deformations χ : B 0 → B of a system in an initial configuration B 0 to the current configuration B. The deformation gradient is given by
where the gradient is taken with respect to coordinates in the reference configuration. The fundamental assumption of morphoelasticity is that this deformation gradient can be multiplicatively decomposed into a growth deformation tensor G and an elastic deformation tensor A:
For the particular geometry under consideration, we assume that the growth tensors G in both substrate and film have the form:
Here and in the remainder of this paper, the subscripts 's' and 'f' are used to describe variables attached to the substrate and film, respectively.
Energy functions and stress tensors
Both materials are assumed to be incompressible, hyperelastic and isotropic. Since only the elastic part of the deformation stores elastic energy, we assume that the strain-energy density function of the material depends on A only. In our study, we choose a Neo-Hookean material
Here I 1 = Tr(C), where C = A T A is the principal invariant associated with the right Cauchy-Green tensor C.
Once the strain-energy density function is defined, the stress tensors can be obtained. The nominal stress tensor S is [3] 
where the local volume increase J = det F = det G, and p is the Lagrange multiplier associated with incompressibility and can be identified with the hydrostatic pressure. In components, we have (
Then
and as C is a symmetric tensor, ∂W/∂C is also a symmetric tensor with
So the nominal stress (6) can be written
For the strain-energy density function (5), the stress is
From the nominal stress tensor, we obtain the Cauchy stress tensor as follows:
The equilibrium equation can be written either in terms of S or T as
where the divergence Div (resp. div) is taken in the reference (resp. current) configuration.
Equilibrium state
For an axisymmetric deformation of the form
the deformation gradient reads [3, p. 273 ]
where the comma denotes partial differentiation: r ,R ≡ ∂r/∂R. From the multiplicative decomposition, we obtain
The incompressibility condition imposes
Solving (17), with the boundary condition R = 0, r s = 0, we obtain:
The continuity of displacement at the interface R = A implies
and
where λ = g 2 /g 1 . We note that from (20) we have α s,r = 0. This last identity can be written formally as
which can be written in general, as
We can now solve the equilibrium equation. The Cauchy stress tensor for this axisymmetric deformation is also diagonal with T = diag(T rr , T θθ ) and (13) reduces to a single non-trivial equation
Using the particular form (12), we solve (24) to obtain
Equation (25) can be integrated once to give p(r) = f (r) + c 2 , where
and the constants c 2f , c 2s are to be determined from the boundary conditions.
Stability analysis
We consider incremental perturbations around a stationary homogeneous state changing the displacement from the homogeneous solution χ to the perturbed displacement χ + δx. The corresponding deformation gradient changes from F to F + δF. To this incremental deformation gradient, we associate an elastic deformation tensor δA = (δF)G −1 . This incremental deformation gradient contains information about the perturbed nonhomogeneous solution. In the following, it is advantageous to reformulate this tensor in the current configuration by its pull-forward: δF = (δF c )F and δA = (δF c )A. The incremental form (13) of the equilibrium equations [26, 27] can be written in terms of the nominal stress tensor S as
From (10),
The tensor δ(∂W/∂C) can be written in component form as,
and hence
Using δ(AA −1 ) = 0, we therefore have
Substituting (30) and (31) into (28), the incremental form of S is
where δC = (δA) T A + A T δA. In the current configuration, (27) becomes
where
For the strain-energy density function (5), the first term in δS 0 vanishes identically, so that
The boundary and continuity conditions are
] represents a jump of the argument across the interface,
The incremental displacement can be written:
where, for a single mode,
Similarly, the incremental form of the pressure δp is δp(r, θ) = P (r) cos(nθ).
In components δF c reads
The incompressibility constraint implies tr(δF c ) = 0:
After simplification the equation for U = U (r) is
The boundary conditions, written in terms of U (r), are
• At r = b, the incremental stresses on the film surface vanish:
All the parameters in the last two equations are for the film.
• At the interface r = a, the incremental displacements and stresses satisfy the continuity condition:
• At the center r = 0, we have U = 0, U ′ = 0.
The problem studied in this paper is to obtain information on the solutions of the system (45) of two fourth-order ODEs (one for the film and one for the substrate) coupled by the above boundary conditions. We restrict our attention to isotropic growth in the film and no growth in the substrate. Thus g 1f = g 2f =: g, g 1s = g 2s = 1 and λ f = λ s = 1.
Without loss of generality, we set the radius of the substrate to A = 1, and scale all the stress components by µ s . We introduce two dimensionless numbers :the stiffness ratio ξ = µ f /µ s and the aspect ratio between the film thickness and the cylinder radius η = (B −A)/A = B −1. Since we assume that the film is thin, we have η ≪ 1. In the following, we identify four regimes of interest, depending on the relative size of ξ with respect to η.
LARGE MODE NUMBERS: WKB METHOD
First, we look for a solution of (45) by using the WKB method following [23] . This approach is valid for large values of n. The general ansatz for U f of the film is then
where after substitution in (45), we find
, · · · and the constants K i are to be determined from the boundary conditions. For the substrate with g s = 1, λ s = 1 and α s = 1, (45) simplifies to
with general solution
The boundary condition at r = 0 implies that K 7 = K 8 = 0. Thus, U s can be written as
s .
On substituting (48-52) into the boundary conditions (46-47), we obtain six equations for the constants K i that can be written in a compact form as
where the matrix M is given in Appendix A.
Finally the bifurcation condition is given by
And the equation setting the critical mode number n c is given by
A THIN FILM ON A LARGE CYLINDER
Here, we focus on the case η = B − 1 ≪ O(1), which corresponds to a film that is very thin compared to the radius of the cylinder. The limiting case η → 0 is that of a film on a flat substrate. Our main focus is to investigate the effect of a small curvature on the instability of a film on a flat substrate. In particular, we are interested in the influence of the curvature on the critical growth g c and critical mode number n c . Note that the definition of n c is different from the generally used wave number k c , but they are related as follows: n c = k c R 0 , where R 0 is the radius of the middle surface of the film in the reference configuration. Then, we have k c h= n c h/R 0 . Under the assumption η ≪ O(1), R 0 should be approximately equal to the radius of the substrate A = 1. Thus, we have k c h ≈ n c h/A = n c η, which is a key parameter for characterizing the instability. Therefore, in our discussion, we will use n c η instead of n c .
A moderately stiff film on a soft substrate S2:
Rather than starting with the case S1, for completeness, we discuss briefly the case ξ = O(η −1 ) that has already been presented in [23] . There are four small parameters in the problem: 1/ξ, 1/n, η and ϵ = g −1. Equations (54) and (55) can be doubly expanded in ϵ and η.
48ηn + (24 + 48η 2 n 2 )ξ + 16η
Using the leading-order balance and principle of least degeneracy we can deduce the relative balance of ϵ and n with respect to ξ and η. ) and we con-
). Since B = 1 + η we can write
where b 0 is a constant of O(1) and seek an asymptotic solution for g c and n c in the form
where the coefficients x i and y i (i = 0, 1, 2, · · · ) can be deduced from (54) and (55). After simplification, we obtain
A soft film on a soft substrate S1:
For a soft film on a soft substrate, the leading order terms in (57) can come from 48ηn, 24ξ, 16η 3 n 3 ξ 2 and −96ηnξ 2 ϵ. Clearly, the first term 48ηn has higher order than the last term −96ηnξ 2 ϵ, except when ϵ = O(1). This implies that g c cannot be chosen to be around 1, and we denote this as g 0 and obtain it later. From the first three terms, we find ηn = O (1) . Next, we expand (54) and (55) in the two small parameters, η and φ = g − g 0 , and n = n 0 /η + n 1 + · · · to obtain
For the leading-order balance, we find φ = O(η). The leading orders of (61) and (62) are t 1 (ξ, g 0 , n 0 ) and t 2 (ξ, g 0 , n 0 ). The vanishing of these two terms yields the values of g 0 and n 0 that only depend on ξ. Next we seek an asymptotic solution for g c and n c in the following form
where g i and n i (i = 0, 1, 2, 3, · · · ) are function of ξ that can be deduced from (54) and (55). These expressions can only be solved semi-analytically and are listed in Appendix B. Stiff film on soft substrate S3:
, n c is of order O(1). In this situation, the assumption on large mode number needed to apply the WKB method is not satisfied. In this case, we need to solve (45-47). In order to obtain the general solution of (45), we use the fact that η is small to simplify α f by taking the average value along the film thickness as
with g = 1 + ϵ, where ϵ is a small parameter. Expanding α f in ϵ yields:
Substituting (65) into (45), the equation for U f can now be solved as a regular perturbation problem: 
· · ·
Following the same steps as before, from a linear combination of these solutions we build a matrix N from the boundary conditions. The bifurcation condition is then given by f(ξ, ϵ, η, n) ≡ det(N) = 0, and h(ξ, ϵ, η, n) ≡ ∂f ∂n = 0. Expanding these two equations as series of ϵ and η yields
where t i , q i (i = 1, 2, 3, · · · ) are polynomial functions of n. Since, n = O(1), t i and q i are also of order O(1). The leading-order terms of (67) are t 0 , t 2 ηξ, t 3 η 4 ξ 2 , t 8 η 2 ξ 2 ϵ. We balance the latter three terms to obtain that ηξϵ = O (1) . With the assumption ξ = O(η −3 ) in this section, the order relation ϵ = O(η 2 ) can be deduced. Then, ξ can be written as l 0 η −3 , and the asymptotic solution for g c and n c are as follows
where l 0 is a constant, and both g i and n i (i = 1, 2, · · · ) are to be determined. Substituting equation (69) into (67, 68), the coefficients g 1 and n 1 can be deduced from the coefficients of the leading-order η −2 term. The first non-trivial mode is n c = 2. With n c = 2, only Equation (67) is needed and we have
Very stiff film on soft substrate S4:
Finally, we only keep the coefficient of ξ 2 in (67). From the leading-order terms, we deduce that ϵ = η 2 , and g c is
where g i (i = 1, 2, 3, · · · ) are constants to be determined. Substituting (71) into the bifurcation condition (67) with n c = 2, g c can be obtained as
Summary
In summary, we have four asymptotic solutions depending on the value of ξ:
, we have n c = 2, and
The first two solutions are obtained by assuming that n c is large, so that the WKB method can be applied. In contrast, the last two solutions are obtained under the assumption that n c = O(1), and a regular perturbation method is used.
RESULTS AND DISCUSSION
In order to validate the theoretical solutions obtained in section , we compare the asymptotic solutions with numerical solutions based on calculating the Evans function via the compound matrix method, which can be easily extended to the case of two connected domains [28, 29] , a Mathematica package implementation is available at github.com/SPPearce/CompoundMatrixMethod . Here we choose four values of η = 0.1, 0.05, 0.01, 0.001 for our simulations. Fig. 3 shows that the numerical results of g c and n c η vary with 1/ξ. In general, g c and n c η increase with η and 1/ξ. However, since n c must be an integer, the graph of n c η is discontinuous as shown in Fig. 3b . The dashed lines in Fig. 3 represent the solution of the flat case from the work of Goriely and Alawiye [30] . With decreasing η, the cylindrical solutions are closer to the flat case. The solid line of η = 0.001 is almost undistinguishable with the dashed line, indicating that the cylinder can be treated as a flat solid when η ≤ 0.001.
Comparisons between the asymptotic results and the numerical results for g c and n c η are shown in Figs. 4 and 5, respectively. Taking the results of g c when η = 0.05 as an example shown in Fig. 4a , the solid line denotes the numerical results and the dashed line with four parts denotes the asymptotic results in the four regimes denoted by S1, S2, S3, and S4. In Fig. 4a we see that the asymptotic results provide an excellent approximation to the numerical results in their respective regimes. However, in the regime where ξ ∈ (O(η −3 ), O(η −1 )), neither asymptotic results of S2 and S3 match the numerical curve.
The main reason is that n c is neither large enough so that the WKB method can be applied, nor close enough to O(1) for a regular perturbation method. However, looking at S1 and S2 we see that the solution S1 is not only a nearly perfect fit to the numerical results in the region ξ = O (1) , it also covers the region of S2, where it provides a better agreement. Similar conclusions can be obtained in the case η = 0.01 in Fig. 4b . It is worth mentioning that the gap between region of S2 and S3 is reduced with decreasing η.
The comparison of results for n c η between asymptotic and numerical methods are shown in Fig. 5 . Since n c = 2 when ξ ≥ O(η −3 ), the four cases can be reduced to three cases with S4 merged into S3. Despite the fact that the asymptotic results are continuous for n c , they provide good agreements as can be observed in Fig. 5 . The S1 solution matches well with the numerical solution in a larger region even covering S2.
Together, from Figs. 4 and 5, we conclude that the asymptotic solutions match well with the numerical solutions, except for a gap between the domains of validity of S2 and S3. The solution of S2 can be substituted by S1. However, S2 has the advantage of being fully analytical, and can be used more conveniently if only focusing in region ξ = O(η −1 ).
Next, we extend the region of 1/ξ to values larger than 1. Because of the large value of n c in this region particularly for smaller values of η, this is numerically challenging, but we are able to solve this with the aid of the compound matrix method. Fig. 6 shows the S1 estimates for g c and n c η when η = 0.05, 0, 01, and 0.001, compared to the flat solution [30] . For small η (η = 0.001), S1 is a very good fit for both g c and n c η that is very close to the flat case. The critical growth parameter g c increases with 1/ξ and η as shown in Fig. 6a. Fig. 6b shows that n c η increases with 1/ξ for a given value of η. The two solid curves with different η meet around 1/ξ = 1.14, when the coefficient n 1 changes sign. Hence, n c η increase with η before this inflection point and decreases afterwards.
For the flat case, critical solutions exist for 1/ξ < 1/ξ min ≈ 1.895 after which, the Biot instability [31] is the dominant wrinkling instability. This generic instability occurs when an elastic half plane subject to uniaxial compression becomes unstable with respect to zero wavelength wrinkles [30] .
For the curved surfaces considered here, for large n, the eigenvalues tend towards a fixed asymptote that is independent of ξ, given by g inf = 2.6043, 2.1159, 1.8869, 1.8523 respectively for η = 0.1, 0.05, 0.01, 0.001, corresponding to the Biot instability becoming dominant. As shown in Figure 6b , for η = 0.01, 0.001, the critical value of n c η approaches this value smoothly as 1/ξ is increased. 
CONCLUSION
We studied the circumferential wrinkling of a growing cylinder tissues composed of a thin film on a cylindrical substrate. To bridge the gap between the classical planar case and the cylindrical case, we considered a cylinder with small ratio between the film thickness and the cylinder radius, that is η ≪ O (1) . Under this assumption, we studied four regimes on the basis of the order relation between ξ and η. For each regime, we obtained asymptotic solutions for the critical growth g c and wrinkling mode number n c . Comparing these asymptotic solutions with numerical solutions, we showed that the asymptotic solutions provide a very good approximation in the corresponding regime. From this, we conclude that there is a systematic effect due to curvature: curvature delays the wrinkling instability. This implies that on a curved surface with non-constant curvature, we expect to see a wrinkling pattern first forming first on those regions with the lowest curvature. Finally, while there is also a perturbation on the mode number due to the curvature, this effect is rather small and the mode number predicted by the theory of wrinkling on a flat substrate provides a good approximation for the problem.
The delay due to curvature is observed in simple models of brain morphogenesis consisting in the growth of a thin cortex over a growing ellipsoidal tissue representing white matter. In recent simulations of this growth process the wrinkle pattern first appear on regions with lower curvature [8, 32] . This effect is believed to be important in shaping the final gyral brain pattern based on the initial shape of the brain as originally proposed by Todd [33] . It is likely that the same interaction between geometry and pattern formation occurs in other problems of morphogenesis. This work is supported by the National Natural Sci- 
APPENDIX A
The matrix M can be expressed as
s (a) −U (2) s (a) −E 1 S 
